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ABSTRACT 

At present, there are two types of relative permeability models that are used to model gas 

production from hydrate-bearing sediments, i) fully empirical parameter fitting models (van 

Genuchten, Brooks Corey etc.), ii) Kozeny-Carman and capillary tube based models that assume 

only water as the mobile phase. A relative permeability model without the limitations of these 

two families of models, and that depends on characteristics of both fluids and host porous media 

with hydrates is required to accurately represent relative permeability of both gas and water in 

hydrate reservoirs. This study proposes an analytical model based on fundamental principles of 

multiphase fluid flow to estimate relative permeability of both gas and water as a function of 

three phase saturations (hydrate, gas, water) and fluid properties.  

INTRODUCTION 

Review of the methane hydrate literature reveals that relative permeability of the methane hydrate bearing 

sediments remains a topic of curve fitting exercise that also requires obtaining laboratory data of relative 

permeability for various saturations of hydrates. Clearly, in addition to being an expensive exercise, the 

relative permeability obtained from curve fitting the laboratory results is applicable only to that particular 

hydrate medium. Moreover, considering hydrates in multiphase flow laboratory experiments is relatively 

difficult, and therefore, there are very few water relative permeability data [1]–[4] for hydrate bearing 

sediments. 

 
At present, there are two types of relative permeability models that are used to model gas production from 

hydrate-bearing sediments, i) fully empirical parameter fitting models (van Genuchten, Brooks Corey etc.), 

ii) Kozeny-Carman and capillary tube based models that assume only water as the fluid phase. In this 

paper, we propose a new relative permeability model of hydrate that is free of empirical parameters by 

using Navier Stokes equations for water and gas as two mobile phases and hydrate as an immobile phase. 

We call this relative permeability model as Nonempirical Relative Permeability (NRP). The three novelties 

of the NRP model that make it better suited over other relative permeability models for hydrate are: 

(1) It does away with the shortcomings of empirical models that require curve fitting on laboratory 

data, which is a relatively expensive and time consuming exercise. 

(2) It accounts for two mobile phases of gas and water in addition to one immobile phase of hydrate. 

(3) It is derived on fundamental principles of multiphase fluid flow, hence, it can be used to obtain 

important physical parameters (for e.g. irreducible water saturation) by history matching 

laboratory data.  
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Table 1: Equations and empirical parameters of hydrate relative permeability models for comparison with 

the NRP model 

Model Equation 
Empirical 

Parameters 
Description of Parameters 

U. of Tokyo Model 

[5] 

 

𝑘𝑟𝑤 = (1 − 𝑆ℎ)𝑁  𝑁  

Permeability reduction 

exponent due to 

accumulation of hydrates 

Kozeny Grain Model 

[6] 
𝑘𝑟𝑤 =

(1−𝑆ℎ)𝑛+2

(1−√𝑆ℎ)
2 ; 𝑘𝑟𝑤 = (1 − 𝑆ℎ)𝑛+1  𝑛  

Archie saturation 

exponent that models the 

presence of hydrates 

Parallel Capillary 

Model [6] 

𝑘𝑟𝑤 = 1 − 𝑆ℎ
2 +

2(1−𝑆ℎ)2

log(𝑆ℎ)
; 𝑘𝑟𝑤 =

(1 − 𝑆ℎ)2  
None None 

Daigle Model [7] 
𝑘𝑟 = [

𝛽−𝜙+𝜙(𝑆𝜒−𝑝𝑐)

𝛽−𝜙𝑝𝑐
]

𝐷

3−𝐷
  

× [
𝑆𝑤−𝑝𝑐

𝑆𝜒−𝑝𝑐
]

2

  

𝛽, 𝑝𝑐 , 𝐷  

Scaling factor in fractal 

model, percolation 

threshold, and fractal 

dimension, respectively. 

NRP (this study) 

𝑘𝑟𝑔 from equation (52) [=(27), (44)] 

and 𝑘𝑟𝑤 from equation (53) [=(28), 

(45)] 

None None 

 
The theory and modeling used in deriving NRP is explained in the next section. In the results section, we 

validate our model by comparing against the relative permeability data of hydrate available in the literature, 

followed by a comparison of predictions from our model with two other popular models and the most 

recent model published in the literature. We then use our model to predict relative permeability results in 

presence of three phases: hydrate, gas and water. Finally, we summarize the contribution of the proposed 

model and suggest some recommendations to predict relative permeability for multiphase flow in hydrate-

bearing sediments. 

2. THEORY AND MODELING 

The relative permeability of a particular mobile phase in the porous media is the ratio of the flow rate of 

that phase at a given saturation to the flow rate with 100% saturation under similar operating conditions and 

medium properties. Relative permeability is typically obtained from laboratory experiments by varying in-

situ fluid saturation and measuring the corresponding changes in permeability to that fluid. Although, fluid 

flow inside a porous medium is a complex function of fluid saturations, fluid properties, heterogeneity in 

rock properties, etc., simplifying assumptions have been used by several researchers to reliably model the 

fluid flow in porous media. We use the same approach to obtain a simplified model of relative permeability 

of hydrate bearing sediments by solving Navier Stokes equations for a system of three phases (hydrate, gas, 

water). Solutions of Navier Stokes equations are used to obtain flux of each fluid at a given saturation and 

that flux is used in the formulation of Darcy’s law to obtain the relative permeability of each phase. Below, 

we describe the approach to obtain relative permeability of each phase starting from their flow model. After 

we have described the general approach to obtain relative permeabilities, we consider two types of hydrate 

growth pattern and find appropriate relative permeabilities for those two types of hydrate growth in the 

porous medium. 
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2.1. General Approach 

2.1.1. Assumptions 

Following assumptions are made to simplify the flow system: 

(1) Porous medium consists of three phases (hydrate, gas, water) that are uniformly distributed, with 

the wetting phase being water and non-wetting phase being gas. 

(2) The porous medium is composed of a bundle of cylindrical capillary tubes of uniform cross-

sections. 

(3) The fluid flow is isothermal, laminar, and horizontal flow with no effect of gravity. 

(4) The fluid flow is driven by convection (pressure difference) only and there is no interaction 

between different phases. 

(5) Capillary pressure between non-wetting phase and wetting phase is negligible. 

(6) The flow for gas and water is fully developed and at steady state. 

2.1.2. Flow equation 

Under above conditions, the momentum equation for gas flow and water flow can be described by steady 

state Navier Stokes equation in a capillary tube of radius 𝑟 as follow: 

𝜇 [
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑣

𝜕𝑟
)] =

𝜕𝑃

𝜕𝑥
        (1) 

 

Here, 
𝜕𝑃

𝜕𝑥
 is the pressure gradient along the horizontal direction of the flow, 𝑣 is the fluid velocity, and 𝜇 

is the fluid viscosity. If 
𝜕𝑃

𝜕𝑥
=constant= ∇𝑃, then above equation can be written as following: 

𝜇 [
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑣

𝜕𝑟
)] = ∇𝑃        (2) 

2.1.3. Volumetric flow rates 

The above equation is integrated twice analytically to obtain velocity for gas (non-wetting) and water 

(wetting) phases, respectively: 

𝑣𝑔 =
∇𝑃𝑔

𝜇𝑔

𝑟2

4
+ 𝑐1 ln(𝑟) + 𝑐2       (3) 

𝑣𝑤 =
∇𝑃𝑤

𝜇𝑤

𝑟2

4
+ 𝑐3 ln(𝑟) + 𝑐4       (4) 

If 𝑐𝑔 =
∇𝑃𝑔

4𝜇𝑔
, 𝑐𝑤 =

∇𝑃𝑤

4𝜇𝑤
, 𝛼 =

𝜇𝑔

𝜇𝑤
        (5) 

𝑣𝑔 = 𝑐𝑔𝑟2 + 𝑐1 ln(𝑟) + 𝑐2        (6) 

𝑣𝑤 = 𝑐𝑤𝑟2 + 𝑐3 ln(𝑟) + 𝑐4       (7) 

 

The velocity distribution of each phase is obtained by solving for constants of integration for appropriate 

boundary conditions of the system that will depend on the growth pattern of the hydrate. Once the velocity 

is known, the volumetric flux of gas and water is estimated by integrating the velocity of each phase over 

its flowing area, i.e.: 

𝑞𝑔 = ∫ 𝑣𝑔. (2𝜋𝑟𝑑𝑟)
𝑟𝑔

𝑟
         (8) 

 

𝑞𝑤 = ∫ 𝑣𝑤 . (2𝜋𝑟𝑑𝑟)
𝑟𝑤

𝑟
         (9) 

2.1.4. Relative permeabilities 

After we obtain the volumetric flow rate (𝑞) for each phase as a function of its saturation, we can 

substitute them in Darcy’s law to obtain the relative permeability of that phase as following: 
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𝑞𝑖 = −
𝑘𝑘𝑟𝑖𝐴𝑖

𝜇
∇𝑃         (10) 

⇒ 𝑘𝑟𝑖 = −
(𝑞𝑖/𝐴𝑖) 𝜇𝑖  

𝑘∇𝑃
        (11) 

Here, 𝑘 is the absolute permeability of the porous medium, 𝑘𝑟𝑖 is the relative permeability of each phase 

(= 𝑔, 𝑤), 𝜇𝑖 is the viscosity of phase 𝑖, 𝐴𝑖 is the cross-sectional area of flow occupied by phase 𝑖, and 

∇𝑃 is the pressure gradient in the direction of flow. 

 

The term (𝑞𝑖/𝐴𝑖) is the superficial velocity (or Darcy velocity), which is a hypothetical velocity in 

multiphase flows in porous media that assumes the given fluid phase is the only one flowing. However, if 

we know the absolute permeability of the porous medium for a given shape of pore, then one can find the 

relative permeability of each phase as following: 

𝑘𝑟𝑔 = −
(𝑞𝑔/𝐴𝑔) 𝜇𝑔

𝑘∇𝑃
        (12) 

𝑘𝑟𝑤 = −
(𝑞𝑤/𝐴𝑤)𝜇𝑤

𝑘∇𝑃
        (13) 

 

We use the approach described above to find relative permeability of hydrate bearing sediments for two 

different types of hydrate growth patterns – i) hydrates occupying pore center, and ii) hydrates coating pore 

wall, respectively. 

2.2. Pore Filling (PF) Hydrates  

The most commonly assumed hydrate growth pattern is the hydrate occupying the center of the pore, also 

known as pore filling hydrates. In the case of a cylindrical pore, this type of hydrate growth leaves an open 

annulus around it where gas and water can flow. This type of flow scenario is shown by a sketch in Figure 

1, where water is the wetting phase lying closer to the pore walls while the gas is the non-wetting phase that 

lies closer to the pore center. This sketch also shows an irreducible layer of water around the pore wall that 

is immobile, but forms the part of overall water saturation. To avoid complexity, we do not consider any 

irreducible gas saturation. 

 
Figure 1: Cross-sections of the capillary shaped pore with hydrate occupying the pore center 

The velocity profiles of gas and water obtained by analytically integrating the momentum equation for gas 

flow and water flow, respectively, are solved for the following boundary conditions specific to the system 

of hydrates occupying pore center. The boundary conditions are set by the symmetry of the cylindrical pore 

shape and no-slip velocity at the layer of the irreducible water and the surface of hydrates. Besides the 

conditions of zero velocity at the static surface, continuity of flow velocity and shear stress are needed at 

the interface of two fluids. 

hydrate

rh

rg

R

gas

water
irreducible 
water

rw
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2.2.1. Boundary conditions: 

𝑣𝑔 = 0 at 𝑟 = 𝑟ℎ        (14) 

𝑣𝑔 = 𝑣𝑤 at 𝑟 = 𝑟𝑔        (15) 

𝜏𝑔 = 𝜏𝑤 at 𝑟 = 𝑟𝑔 ⇒ 𝜇𝑔
𝜕𝑣𝑔

𝜕𝑟
= 𝜇𝑤

𝜕𝑣𝑤

𝜕𝑟
 at 𝑟 = 𝑟𝑔     (16) 

𝑣𝑤 = 0 at 𝑟 = 𝑟𝑤        (17) 

 

Using the above boundary conditions, we solve for a system of 4 equations to find the velocity distribution 

of each phase for its given saturation. The equations obtained on substituting the above boundary 

conditions (B.C.s) with given saturations of each phase are shown in Appendix A.1. We use those velocity 

distributions to obtain volumetric flow rates of each phase along its flow area. 

2.2.2. Flow rates: 

Integrating the flow velocity of gas and water along their flow areas to obtain the volumetric flow rates as 

follow: 

𝑞𝑔 = ∫ 𝑣𝑔. (2𝜋𝑟𝑑𝑟)
𝑟𝑔

𝑟ℎ
         (18) 

𝑞𝑤 = ∫ 𝑣𝑤 . (2𝜋𝑟𝑑𝑟)
𝑟𝑤

𝑟𝑔
         (19) 

𝑞𝑔 =
𝜋∇𝑃

8𝜇𝑔
[−(𝑟𝑔

4 − 𝑟ℎ
4) + 4 {

𝑟𝑔
2(1−𝛼)+𝑅2𝛼−𝑟ℎ

2

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} {

𝑟𝑔
2 ln(𝑟𝑔)−𝑟ℎ

2 ln(𝑟ℎ)

2
−

(𝑟𝑔
2−𝑟ℎ

2)

4
} +

2 {
(1−𝛼)[𝑟ℎ

2 ln(𝑟𝑔)−𝑟𝑔
2 ln(𝑟ℎ)]+𝛼[𝑟ℎ

2 ln(𝑅)−𝑅2 ln(𝑟ℎ)]

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} (𝑟𝑔

2 − 𝑟ℎ
2)]     (20) 

 

𝑞𝑤 =
𝜋∇𝑃

8𝜇𝑤
[−(𝑅4 − 𝑟𝑔

4) + 4 {
𝑟𝑔

2(1−𝛼)+𝑅2𝛼−𝑟ℎ
2

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} {

𝑅2 ln(𝑅)−𝑟𝑔
2 ln(𝑟𝑔)

2
−

(𝑅2−𝑟𝑔
2)

4
} +

2 {
(1−𝛼)[𝑅2 ln(𝑟𝑔)−𝑟𝑔

2 ln(𝑅)]−𝑅2 ln(𝑟ℎ)+𝑟ℎ
2 ln(𝑅)

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} (𝑅2 − 𝑟𝑔

2)]      (21) 

2.2.3. Relative permeabilities of gas and water: 

The above obtained volumetric flow rates for each phase are substituted in Darcy’s law to obtain their 

corresponding NRP as following. 

𝑘𝑟𝑔 = −
(𝑞𝑔/𝐴𝑔) 𝜇𝑔

𝑘∇𝑃
        (22) 

𝑘𝑟𝑤 = −
(𝑞𝑤/𝐴𝑤)𝜇𝑤

𝑘∇𝑃
        (23) 

For a cylindrical pore of radius 𝑅, the absolute permeability is given as: 

𝑘 = 𝑅2/8         (24) 

 

The flow area for gas and water in the case of hydrate occupying the pore center are: 

𝐴𝑔 = 𝜋(𝑟𝑔
2 − 𝑟ℎ

2)         (25) 

𝐴𝑤 = 𝜋(𝑟𝑤
2 − 𝑟𝑔

2)         (26) 

 

Substituting the volumetric flow rate and cross sectional flow area in above equations yield the final NRP 

of gas and water for pore filling hydrates as following: 
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(𝑘𝑟𝑔)
𝑝𝑓

= {
1

𝑅2(𝑟𝑔
2−𝑟ℎ

2)
} . [−(𝑟𝑔

4 − 𝑟ℎ
4) + 4 {

𝑟𝑔
2(1−𝛼)+𝑅2𝛼−𝑟ℎ

2

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} {

𝑟𝑔
2 ln(𝑟𝑔)−𝑟ℎ

2 ln(𝑟ℎ)

2
−

(𝑟𝑔
2−𝑟ℎ

2)

4
} +

2 {
(1−𝛼)[𝑟ℎ

2 ln(𝑟𝑔)−𝑟𝑔
2 ln(𝑟ℎ)]+𝛼[𝑟ℎ

2 ln(𝑅)−𝑅2 ln(𝑟ℎ)]

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} (𝑟𝑔

2 − 𝑟ℎ
2)]     (27) 

(𝑘𝑟𝑤)𝑝𝑓 = {
1

𝑅2(𝑟𝑤
2 −𝑟𝑔

2)
} . [−(𝑅4 − 𝑟𝑔

4) + 4 {
𝑟𝑔

2(1−𝛼)+𝑅2𝛼−𝑟ℎ
2

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} {

𝑅2 ln(𝑅)−𝑟𝑔
2 ln(𝑟𝑔)

2
−

(𝑅2−𝑟𝑔
2)

4
} +

2 {
(1−𝛼)[𝑅2 ln(𝑟𝑔)−𝑟𝑔

2 ln(𝑅)]−𝑅2 ln(𝑟ℎ)+𝑟ℎ
2 ln(𝑅)

(1−𝛼) ln(𝑟𝑔)+𝛼 ln(𝑅)−ln(𝑟ℎ)
} (𝑅2 − 𝑟𝑔

2)]      (28) 

 

The radius of flow areas for gas (𝑟𝑔) and water (𝑟𝑤) in above expressions of relative permeabilities can be 

expressed in terms of gas saturation (𝑆𝑔) and water saturation (𝑆𝑤), respectively, as shown in Appendix 

A.1. 

2.3. Wall Coating (WC) Hydrates 

Figure 2 shows a sketch of hydrate coating the pore wall, where water and gas flow in the center of the 

pore. Here, water as the wetting phase is placed closer to the pore walls and the gas as the non-wetting 

phase is placed closer to the pore center. This sketch also shows an irreducible layer of water around the 

hydrate surface that is immobile, but forms the part of overall water saturation. Similar to the earlier case, 

we do not consider any irreducible gas saturation to avoid complexity. 

 
Figure 2: Cross-sections of the capillary shaped pore with hydrate coating the pore wall 

The velocity profiles of gas and water obtained by analytically integrating the momentum equation for gas 

flow and water flow, respectively, are solved for the following boundary conditions specific to the system 

of hydrates coating pore wall. The boundary conditions are set by the symmetry of the cylindrical pore 

shape and no-slip velocity at the layer of the irreducible water. Besides the conditions of zero velocity at 

the static surface, continuity of flow velocity and shear stress are needed at the interface of two fluids. 

2.3.1. Boundary conditions: 

𝜕𝑣𝑔

𝜕𝑟
= 0 at 𝑟 = 0        (29) 

𝑣𝑔 = 𝑣𝑤 at 𝑟 = 𝑟𝑔        (30) 

𝜏𝑔 = 𝜏𝑤 at 𝑟 = 𝑟𝑔 ⇒ 𝜇𝑔
𝜕𝑣𝑔

𝜕𝑟
= 𝜇𝑤

𝜕𝑣𝑤

𝜕𝑟
 at 𝑟 = 𝑟𝑔     (31) 

rgR

gas

water

irreducible 
water

rw

hydrate
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𝑣𝑤 = 0 at 𝑟 = 𝑟𝑤        (32) 

Using the above boundary conditions, we solve for a system of 4 equations to find the velocity distribution 

of each phase for its given saturation. The equations obtained on substituting the above B.C.s with given 

saturations of each phase are shown in Appendix A.2. We use those velocity distributions to obtain 

volumetric flow rates of each phase along its flow area. 

2.3.2. Flow rates: 

Integrating the flow velocity of gas and water along their flow areas to obtain the volumetric flow rates as 

follow: 

𝑞𝑔 = ∫ 𝑣𝑔. (2𝜋𝑟𝑑𝑟)
𝑟𝑔

0
         (33) 

𝑞𝑤 = ∫ 𝑣𝑤 . (2𝜋𝑟𝑑𝑟)
𝑟𝑤

𝑟𝑔
         (34) 

 

𝑞𝑔 =
𝜋∇𝑃𝑟𝑔

4

8𝜇𝑔
[2𝛼 (1 −

𝑟𝑤
2

𝑟𝑔
2) − 1]       (35) 

𝑞𝑔 =
𝜋∇𝑃𝑅4

8𝜇𝑔
[(2𝛼 − 1)𝑆𝑔

2 + 2𝛼𝑆𝑔𝑆ℎ − 2𝛼𝑆𝑔 + 2𝛼𝑆𝑔𝑆𝑤𝑟]    (36) 

𝑞𝑤 =
𝜋∇𝑃

8𝜇𝑤
[−(𝑟𝑤

2 − 𝑟𝑔
2)

2
]        (37) 

𝑞𝑤 =
𝜋∇𝑃𝑅4

8𝜇𝑤
[−(1 − 𝑆𝑔 − 𝑆ℎ − 𝑆𝑤𝑟)

2
]      (38) 

2.3.3. Relative permeabilities of gas and water: 

The above obtained volumetric flow rates for each phase are substituted in Darcy’s law to obtain their 

corresponding NRP as following. 

𝑘𝑟𝑔 = −
(𝑞𝑔/𝐴𝑔) 𝜇𝑔

𝑘∇𝑃
        (39) 

𝑘𝑟𝑤 = −
(𝑞𝑤/𝐴𝑤)𝜇𝑤

𝑘∇𝑃
        (40) 

For a porous medium with cylindrical pores of radius 𝑅, the absolute permeability is given as: 

𝑘 = 𝑅2/8         (41) 

The flow area for gas and water in the case of hydrate coating the pore wall are: 

𝐴𝑔 = 𝜋𝑟𝑔
2         (42) 

𝐴𝑤 = 𝜋(𝑟𝑤
2 − 𝑟𝑔

2)         (43) 

Substituting the volumetric flow rate and cross sectional flow area in above equations yield the final NRP 

of gas and water for wall coating hydrates as following: 

(𝑘𝑟𝑔)
𝑤𝑐

= (
𝑟𝑔

2

𝑅2) . [2𝛼 (1 −
𝑟𝑤

2

𝑟𝑔
2) − 1]      (44) 

(𝑘𝑟𝑤)𝑤𝑐 =  [−
(𝑟𝑤

2 −𝑟𝑔
2)

2

𝑅2(𝑟𝑤
2 −𝑟𝑔

2)
]        (45) 

The radius of flow areas for gas (𝑟𝑔) and water (𝑟𝑤) in above expressions of relative permeabilities can be 

expressed in terms of gas saturation (𝑆𝑔) and water saturation (𝑆𝑤), respectively, as shown in Appendix 

A.2. 

2.4. Relative Permeability for Variably Shaped Pores 

While the ideal capillary shaped pore space helps simplify the flow system, the porous media is in general a 

system of different and irregular pore shapes with non-linearly varying length. A general approach to 
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account for different pore shapes in capillary flow as proposed by different authors [8], [9] is to modify the 

characteristic length of the ideal pore shape by multiplying with a correction factor (𝛽) that accounts for 

different pore shapes. The value of this correction factor for cylindrical, square, and an equilateral triangle 

geometry [8] is found to be 𝛽 = 1, 1.094 and 1.186, respectively. Therefore, the relative permeability for 

the two hydrate growth pattern can be obtained different pore shapes by generalizing the absolute 

permeability of the cylindrical pore to any general pore shape as follow: 

𝑘 = (𝛽𝑅)2/8         (46) 

𝑘𝑟𝑔 =
(𝑘𝑟𝑔)

𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙

𝛽2         (47) 

𝑘𝑟𝑤 =
(𝑘𝑟𝑤)𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙

𝛽2         (48) 

 

Therefore, the relative permeability of gas (or water) would decrease by a factor of 1.0942 and 1.1862 if 

the pore were to be of square shaped and equilateral triangle shaped, respectively. The effect of tortuous 

pore shapes can be accounted by replacing the straight length in ∇𝑃 (= Δ𝑃/𝐿) with the actual tortuous 

length (𝐿𝑎) as Δ𝑃/𝐿𝑎. One of the assumptions used in above statement is that the gas and water flow in 

variably shaped pores can be approximated by a circular cross section. 

2.4. A Generalized Non-Empirical Relative Permeability Model for Hydrates 

While relative permeability for a single idealized pattern of hydrate growth is useful for theoretical studies, 

the actual hydrate growth in the porous media is generally more complicated and not well understood. 

However, field data from Nankai Trough in terms of well-log responses [10] shown by Figure 3 for the 

growth pattern of marine hydrate sediments (liquid-water-wet) indicates that gas hydrates predominantly 

fill the pores or they coat the pore walls to a much smaller extent without any cementing. Even though the 

data from [10] (as presented in Figure 3) is at field scale, the specific scale of each data point corresponds 

to the resolution of well-log that measures acoustic velocity, which is typically about 0.5 m [11]. Most of 

the hydrate growth pattern observed at laboratory scale is at much smaller scale, and although we may 

observe many different growth patterns that do not correlate in proportion to the field observations, a better 

approach of assigning the shapes to hydrate growth pattern would be to measure the representative 

elementary volumes [12]–[14] for each shape and then finding their relative proportion in the porous 

medium. 

 
Figure 3: Field data (from [10]) in terms of compressional velocity showing the growth pattern of 

hydrates as either pore filling (predominantly) or coat the pore walls (much lesser extent) 

We use the above observation as a practical guidance to develop a generalized form of the NRP, i.e. we 

assume that the total saturation of hydrates in a porous media is composed of some fraction (𝑥𝑝𝑓) that is 
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pore filling and the remaining fraction (1 − 𝑥𝑝𝑓) that is coating the pore walls. Additionally, we also use 

the fact that most reservoirs have nearly log-normal permeability distributions [15], [16]. To develop a 

generalized NRP model with the above field-based practical observations, we use two mathematical 

properties, i.e. i) taking logarithm of a log-normal distribution produces a Gaussian (normal) distribution, 

and ii) the sum of independent normal distributions is a normal distribution [17], [18]. In terms of 

permeability, it means that the relative permeability due to each hydrate growth pattern contributes to the 

effective relative permeability in the porous medium, where this effective relative permeability is the 

statistical sum of the relative permeability from each growth pattern of hydrates. 

ln(𝑘𝑟𝑖)𝑒𝑓𝑓 = 𝑥𝑝𝑓 ln {
(𝑘𝑟𝑖)𝑝𝑓

𝛽2 }  + (1 − 𝑥𝑝𝑓) ln {
(𝑘𝑟𝑖)𝑤𝑐

𝛽2 }    (49) 

ln(𝑘𝑟𝑖)𝑒𝑓𝑓 = ln [{
(𝑘𝑟𝑖)𝑝𝑓

𝛽2 }
𝑥𝑝𝑓

× {
(𝑘𝑟𝑖)𝑤𝑐

𝛽2 }
1−𝑥𝑝𝑓

]    (50) 

(𝑘𝑟𝑖)𝑒𝑓𝑓 = [{
(𝑘𝑟𝑖)𝑝𝑓

𝛽2 }
𝑥𝑝𝑓

× {
(𝑘𝑟𝑖)𝑤𝑐

𝛽2 }
1−𝑥𝑝𝑓

]     (51) 

 

Using the formulation of equation (51), relative permeability for gas and water for variable shaped pores 

and in presence of hydrates that partially occupy pore centers and partially coat the pore walls is given as 

following: 

(𝑘𝑟𝑔)
𝑒𝑓𝑓

= [{
(𝑘𝑟𝑔)

𝑝𝑓

𝛽2 }

𝑥𝑝𝑓

× {
(𝑘𝑟𝑔)

𝑤𝑐

𝛽2 }
1−𝑥𝑝𝑓

]     (52) 

(𝑘𝑟𝑤)𝑒𝑓𝑓 = [{
(𝑘𝑟𝑤)𝑝𝑓

𝛽2 }
𝑥𝑝𝑓

× {
(𝑘𝑟𝑤)𝑤𝑐

𝛽2 }
1−𝑥𝑝𝑓

]     (53) 

 

The expressions (𝑘𝑟𝑔)
𝑝𝑓

, (𝑘𝑟𝑔)
𝑤𝑐

, (𝑘𝑟𝑤)𝑝𝑓, and (𝑘𝑟𝑤)𝑤𝑐  used in the general NRP model for gas and 

water given by equation (52) and (53), respectively, can be substituted from equations (27), (44), (28), 

and (45), respectively. 

3. RESULTS 

Model Validation 

We validate our model using experimental data as well as verify it by comparing against the results from 

two popular models and a most recent model proposed for hydrate relative permeability.  

3.1.Validation with experimental data 

We use four different experimental data sets to compare them against the predictions from our model. The 

experimental data used for validation is described in Table 2, which includes the source, the rock sample, 

initial pressure/temperature conditions, and the experimental method used. 

 

Table 2: Details of experimental data used to validate the NRP model 

Data Source Rock sample 
Initial P/T 

Conditions 
Experimental Method 

Delli  and 

Grazic (2014) 

[1] 

Ottawa sand pack 

containing CO2 

hydrate 

3 C,  

3 MPa 

After forming hydrate under constant volume 

conditions, remaining CO2 was displaced by 

helium and permeability measured by steady-

state flow of water 

Johnson et al. Unconsolidated 2-4 C,  After forming hydrate under constant volume 
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(2011) [2] samples from Mount 

Elbert test well, 

Alaska North Slope 

6.9 MPa conditions, remaining methane was displaced 

by brine and permeability measured by steady-

state method 

Kumar et al. 

(2010) [3] 

Glass bead pack 

containing CO2 

hydrate 

4 C,  

2.76 MPa 

After forming hydrate under constant volume 

conditions, permeability measured by steady-

state method 

Liang et al. 

(2011) [4] 

Sand pack containing 

methane hydrate 

0.5 C,  

3 MPa 

After forming hydrate under constant volume 

conditions, permeability measured by steady-

state method 

 

 
Figure 4: Comparison of water relative permeability vs. hydrate saturation experimental datasets 

from four studies with the predictions from NRP (this study) 

Figure 4 shows a comparison of our model with the experimental data from four different studies. The 

relative permeability from each of these experiments has a considerable noise in their data, but our model is 

able to find a close match with non-zero irreducible water saturation when the hydrates occupy pore center. 

This match can be improved further by considering a combination of hydrate growth pattern partially as 

pore center and partially as wall coating. The effect of considering such combination of hydrate growth on 

relative permeability as estimated by NRP can be seen in results shown in Appendix B. It should be noted 

that some authors (specifically from non-petroleum field) refer the curves shown in Figure 4 as 

‘permeability reduction curve’, however, such terminology is not used in petroleum engineering 

community where the term ‘relative permeability’ is used specifically for multiphase flow. A more 

appropriate term would be reduction in relative permeability.  

3.2.Validation with model comparison 

We use three different relative permeability models for hydrate bearing sediments to compare them against 

the predictions from our model. The models are described in Table 3, which includes the type of model, its 

description with pros and cons. The first two models are the two most popular models used to estimate 
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relative permeability for hydrate bearing sediments, where the first model is purely empirical model, and 

the second model is based on single phase flux through capillary type pores. The third model is the most 

recently proposed model that includes three different empirical parameters and is based on critical path 

analysis. 

 

Table 3: Comparison of different relative permeability models for hydrate with our NRP model 

Model Description Pros Cons 

U. of 

Tokyo 

Model [5] 

 

Developed by taking 

capillary tube as a starting 

point and assuming hydrate 

coats the walls of the tube  

Simple 

One empirical parameter. Ignores gas 

flow. Ignores other patterns to growth 

of hydrate. Ignores heterogeneity in 

pore shape and size distribution 

Kleinberg 

Model [6] 

Developed using fluid flux 

through capillary and by 

assigning specific patterns 

to growth of hydrate 

Includes hydrate 

growth patterns. No 

empirical parameters 

Ignores gas flow. Ignores 

heterogeneity in pore shape and size 

distribution 

Daigle 

Model [7] 

Developed using critical 

path analysis. Does not 

assume any hydrate growth 

pattern 

Includes parameters 

that account for pore 

size and structure 

Several empirical parameters. Does 

not account for fluid properties. Does 

not differentiate between gas and 

water. Ignores patterns of hdyrate 

growth 

NRP (this 

study) 

Developed using Navier 

Stokes equation for three-

phase flow. Assumes 

hydrate growth within pore 

center and as coating on 

pore wall 

Includes three phases. 

No empirical 

parameters. Includes 

different pore shapes 

and combination 

hydrate growth 

patterns 

Ignores heterogeneity in pore size 

distribution 

 
Figure 5 shows the comparison between the predictions from our model and the predictions from the other 

three models. The black and red legend show the relative permeability of water from our model with no 

irreducible water saturation when hydrates occupy the pore center and when hydrates coat the pore wall, 

respectively. While, the green and blue legend show the relative permeability of water with 20% irreducible 

water saturation when hydrates occupy the pore center and when hydrates coat the pore wall, respectively. 

It is clear that the first two models by Masuda et al. [5] and by Kleinberg et al. [6] do not allow any 

provision for irreducible water saturation such that the relative permeability from their model is much 

higher than other two models. Although, the model by Daigle [7] is able to able to account for the effect of 

non-zero 𝑆𝑤𝑟 , it is done using an empirical parameter called percolation threshold (𝑝𝑐) that is analogous 

to irreducible water saturation in its physical meaning. Additionally, the model by Daigle [7] is based on 

few other empirical parameters that would require several experimental investigations to estimate their 

values. Nevertheless, having more empirical parameters would allow the model by Daigle [7] to obtain a 

better match with any experimental data. Our model (solid red line) is able to match the estimate from 
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Daigle [7] (dashed green line) without using any empirical parameter for values of 𝑆𝑤𝑟  and 𝑅 that is 

similar to their analogous parameters 𝑝𝑐 and 𝑟𝑚𝑎𝑥, respectively, in Daigle [7]. 

 

 
Figure 5: Comparison of water relative permeability vs. hydrate saturation as estimated by two 

popular models, a most recent model, and NRP (this study) 

3.3. Water and Gas Relative Permeabilities from NRP 

All the existing relative permeability models for hydrate bearing sediments provide an estimate of just 

water relative permeability. However, NRP, in addition to being fully non-empirical, is able to predict both 

the gas and the water relative permeability for hydrate bearing sediments of different growth patterns. Here, 

we illustrate the capability of NRP by estimating relative permeability of gas and water for different growth 

patterns of hydrate (i. pore filling, ii. wall coating, and iii. a combination of partially pore filling and 

partially wall coating) and for different pore shapes (i. cylindrical, ii. square, and iii. equilateral). For the 

results shown here, we assume non-zero irreducible water saturation (𝑆𝑤𝑟 = 0.2). Figure 6 shows the 

results for (𝑘𝑟𝑤)𝑒𝑓𝑓 and (𝑘𝑟𝑔)
𝑒𝑓𝑓

with varying hydrate saturation as estimated by NRP (this study) for 

three different pore shapes (i. cylindrical, ii. square, and iii. equilateral) and four different hydrate growth 

patterns (i. wall coating, ii. 30 % pore filling, 70 % wall coating, iii. 70 % pore filling, 30 % wall coating, 

and iv. pore filling). Detailed results for (𝑘𝑟𝑤)𝑒𝑓𝑓  and (𝑘𝑟𝑔)
𝑒𝑓𝑓

as a function of 𝑆𝑤  and 𝑆ℎ  are 

presented in Appendix B.   
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Figure 6: (𝑘𝑟𝑤)𝑒𝑓𝑓 and (𝑘𝑟𝑔)

𝑒𝑓𝑓
vs. 𝑆ℎ as estimated by NRP (this study) for three different pore shapes 

(i. cylindrical, ii. square, and iii. equilateral) and four different hydrate growth pattern. 

3.4. Effect of Pore Shapes 

From Figure 6, it can be seen that irrespective of the type of hydrate growth pattern, (𝑘𝑟𝑤)𝑒𝑓𝑓 and 

(𝑘𝑟𝑔)
𝑒𝑓𝑓

 are largest for cylindrical pore shapes followed by square and equilateral triangle shaped pores, 

respectively. Similar observation was reported by Dai and Seol [19] using a pore scale study. It is also 

apparent from this figure that the effect of pore shapes on relative permeability decreases as hydrate 

occupies the pore center or when majority of the pore space is filled with hydrate saturation for any pattern 

of hydrate growth. The effect of pore shapes is similar on both water and gas. The reason why (𝑘𝑟)𝑒𝑓𝑓 is 

less than 1 for non-cylindrical pore shapes is because of their relative decrease in relative permeability as a 

result of their shapes. Although the relative permeability for the other pore shapes are shown in reference to 

cylindrical pore shape, these relative permeability can be easily shown in absolute terms by moving their 

reference value to 1 at 𝑆ℎ = 0. Similar convention of cylindrical pore shape as reference for other pore 

shapes is adopted in results presented in Appendix B. 

3.5.Effect of Hydrate Growth Pattern 

From Figure 6, it can be seen that irrespective of the type of pore shape, (𝑘𝑟𝑤)𝑒𝑓𝑓 and (𝑘𝑟𝑔)
𝑒𝑓𝑓

 are 

largest for wall coating hydrates and they decrease in magnitude as more and more hydrate starts to occupy 

pore center, i.e., the permeability reduction is the largest in the case of hydrates occupying pore center. 
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Additionally, the change in hydrate growth pattern from wall coating to pore filling affects (𝑘𝑟𝑔)
𝑒𝑓𝑓

 

relatively much more than (𝑘𝑟𝑤)𝑒𝑓𝑓 . 

4. SUMMARY AND CONCLUSIONS 

At present, there are two types of relative permeability models that are used to model gas production from 

hydrate-bearing sediments, i) fully empirical parameter fitting models (van Genuchten, Brooks Corey etc.), 

ii) Kozeny-Carman and capillary tube based models that assume only water as the mobile phase. This study 

proposed an analytical model based on fundamental principles of multiphase fluid flow to estimate relative 

permeability of both gas and water as a function of three phase saturations (hydrate, gas, water) and fluid 

properties. The proposed model is free of any empirical parameters and, therefore, does not require 

experimental data. Our model can account for different patterns of hydrate growth (i. pore filling, ii. wall 

coating, and iii. combination of partially pore filling and partially wall coating) and it can also account for 

heterogeneity in pore shapes. Since the model uses only the fluid and rock parameters, it can be used to 

obtain important physical parameters (for e.g. 𝑆𝑤𝑟) by history matching laboratory data. 

 
We estimated relative permeability for gas and water by using NRP for different pore shapes and different 

patterns of hydrate growth. Results suggest that the relative permeability for both gas and water is largest 

for cylindrical pore shapes followed by square and equilateral triangle shaped pores, respectively. 

However, the effect of pore shape tends to subside as hydrate occupies the pore center or when majority of 

the pore space is occupied with hydrate saturation for any pattern of hydrate growth. We also observe that 

relative permeability for both gas and water is largest for wall coating hydrates and it decreases in 

magnitude as more and more hydrate starts to occupy pore center, i.e., the permeability reduction is the 

largest in the case of hydrates occupying pore center. 

 

One of the assumptions in the proposed model is negligible capillary pressure between gas and water. Our 

future study will consider the effect of capillary pressure in addition to testing of the model using a more 

comprehensive relative permeability dataset from our ongoing in-house experiments. 
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APPENDIX A: ADDITIONAL MODEL INFORMATION 

A.1. Hydrates Occupying Pore Center 

A.1.1. System of equations: 

𝑐1 ln(𝑟ℎ) + 𝑐2 = −𝑐𝑔𝑟ℎ
2       (54) 

𝑐1 ln(𝑟𝑔) + 𝑐2 − 𝑐3 ln(𝑟𝑔) − 𝑐4 = (𝑐𝑤 − 𝑐𝑔)𝑟𝑔
2    (55) 

𝛼𝑐1 − 𝑐3 = 2𝑟𝑔
2(𝑐𝑤 − 𝛼𝑐𝑔)       (56) 

𝑐3 ln(𝑟𝑤) + 𝑐4 = −𝑐𝑤𝑟𝑤
2       (57) 

A.1.2. Saturations of hydrate, gas, water: 

𝑆ℎ =
𝜋𝑟ℎ

2𝐿

𝜋𝑅2𝐿
=

𝑟ℎ
2

𝑅2        (58) 

 

𝑆𝑔 =
𝑟𝑔

2−𝑟ℎ
2

𝑅2         (59) 

𝑆𝑤 =
𝑅2−𝑟𝑔

2

𝑅2         (60) 

   ⇒ 𝑟ℎ = 𝑅√𝑆ℎ        (61) 

   ⇒ 𝑟𝑔 = 𝑅√𝑆ℎ + 𝑆𝑔        (62) 

   ⇒ 𝑟𝑤 = 𝑅√1 − 𝑆𝑤𝑟          (63) 

A.2. Hydrates Coating Pore Wall 

A.2.1. System of equations: 

𝑐1 = 0         (64) 

𝑐2 − 𝑐3 ln(𝑟𝑔) − 𝑐4 = (𝑐𝑤 − 𝑐𝑔)𝑟𝑔
2      (65) 

𝑐3 = 2𝑟𝑔
2(𝛼𝑐𝑔 − 𝑐𝑤)        (66) 

𝑐3 ln(𝑟𝑤) + 𝑐4 = −𝑐𝑤𝑟𝑤
2       (67) 

A.2.2. Saturations of hydrate, gas, water: 

𝑆𝑔 =
𝑟𝑔

2

𝑅2         (68) 

𝑆𝑤 = [
(𝑟𝑤

2 −𝑟𝑔
2)

𝑅2 + 𝑆𝑤𝑟]       (69) 

𝑆ℎ = 1 − 𝑆𝑔 − 𝑆𝑤 = 1 −
𝑟𝑔

2

𝑅2 − [
(𝑟𝑤

2 −𝑟𝑔
2)

𝑅2 + 𝑆𝑤𝑟]    (70) 
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⇒ 𝑟𝑔 = 𝑅√𝑆𝑔        (71) 

⇒ 𝑟𝑤 = 𝑅√𝑆𝑔 + (𝑆𝑤 − 𝑆𝑤𝑟)      (72) 

⇒ 𝑟𝑤 = 𝑅√1 − 𝑆ℎ − 𝑆𝑤𝑟        (73) 

 

APPENDIX B: ADDITIONAL RESULTS 

B.1. NRP for Cylindrical Shaped Pores 

B.1.1. Hydrates Occupying Pore Center 

 
Figure 7: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate occupying pore center 
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B.1.2. Hydrates Coating Pore Wall  

 
Figure 8: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate coating the pore wall 

B.1.3. Hydrates Partially Occupying Pore Center and Partially Coating Pore Wall 

 
Figure 9: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (30 %) and 

partially coating the pore wall (70 %) 
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Figure 10: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (70 %) 

and partially coating the pore wall (30 %) 

B.2. NRP for Square Shaped Pores 

B.2.1. Hydrates Occupying Pore Center 

 
Figure 11: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate occupying pore center 
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B.2.2. Hydrates Coating Pore Wall  

 
Figure 12: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate coating the pore wall 

B.2.3. Hydrates Partially Occupying Pore Center and Partially Coating Pore Wall 

 
Figure 13: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (30 %) 

and partially coating the pore wall (70 %) 
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Figure 14: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (70 %) 

and partially coating the pore wall (30 %) 

B.3. NRP for Equilateral Triangle Shaped Pores 

B.3.1. Hydrates Occupying Pore Center 

 
Figure 15: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate occupying pore center 
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B.3.2. Hydrates Coating Pore Wall  

 
Figure 16: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate coating the pore wall 

B.3.3. Hydrates Partially Occupying Pore Center and Partially Coating Pore Wall 

 
Figure 17: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (30 %) 

and partially coating the pore wall (70 %) 



23 

 

 
Figure 18: 𝑘𝑟𝑔 and 𝑘𝑟𝑤 for different 𝑆ℎ with hydrate partially occupying pore center (70 %) 

and partially coating the pore wall (30 %) 

 


